Aspects of screening and confinement are reassessed for a B ∧ F model with topological mass with the gauging of spin. Our discussion is carried out using the gauge-invariant, but path-dependent, variables formalism. We explicitly show that the static potential profile is the sum of a Yukawa and a linear potential, leading to the confinement of static external charges. Interestingly enough, similar results are obtained in a theory of antisymmetric tensor fields that results from the condensation of topological defects as a consequence of the Julia-Toulouse mechanism.
I. INTRODUCTION
The mass generation mechanism in gauge theories is one of the most striking and fascinating quantum phenomenon, which has been of great interest since the work of Stückelberg [1] . Mention should be made, at this point, to the renowned Higgs mass generation mechanism, which was theoretically predicted in 1964 [2] [3] [4] and experimentally confirmed in 2012 [5, 6] .
In this connection, it becomes of interest, in particular, to recall the Schwinger model or Quantum Electrodynamics in (1 + 1) dimensions [7] due to some very interesting and peculiar properties that it possesses, like fermion confinement and the energy spectrum contains a massive mode in spite of the gauge invariance of the original Lagrangian. We also recall that B ∧ F models, a Chern-Simons-like formulation with antisymmetric tensor fields, also experience mass generation [8, 9] .
Meanwhile, in previous works [10, 11] , we have considered the confinement versus screening properties of some theories of massless antisymmetric tensors, magnetically and electrically coupled to topological defects that eventually condensate, as a consequence of the Julia-Toulouse mechanism [12, 13] . In passing, we recall that this mechanism is the dual to the Higgs mechanism and has been shown to lead a massive antisymmetric theories with a jump rank. To be more precise, we have illustrated that in the presence of two tensor fields the condensation induces not only a mass term and a jump of rank but also a B ∧F coupling which is responsible for the change from screening to the confining phase of the theory. More recently, we have computed the interaction energy between two test charges for a (3 + 1)-dimensional generalization of the bosonized Schwinger model [14] . Our results show that the static potential profile contains a linear term leading to the confinement of probe charges, exactly as in the original model in (1 + 1) dimensions. It should be * Electronic address: patricio.gaete@usm.cl † Electronic address: helayel@cbpf.br further noticed that the same 4-dimensional model also appears as one version of the B ∧ F models in (3 + 1) dimensions under dualization of Stückelberg-like massive gauge theories [8] . Interestingly, this particular model is characterized by the mixing between a U (1) field and an Abelian 3-form field of the type that appears in the topological sector of quantum chromodynamics (QCD).
On the other hand, we further note that recently a novel way to induce the B ∧ F term has been considered in [15] . The crucial ingredient of this development is that the B ∧ F -term is generated at one loop by coupling the antisymmetric gauge field to the vorticity of charged fermions.
With these considerations in mind, the purpose of this work is to further elaborate on the physical content of this (3 + 1)-dimensional B ∧ F effective action. To do this, we shall work out the static potential for the theory under consideration along the lines of [10, 11] . The advantage of using this development lies in the fact that the interaction energy between two static charges is obtained once a judicious identification of the physical degrees of freedom is made [16] .
Our work is organized as follows: in Section II, we shall reexamine the calculation of the interaction energy between static point-like sources for conventional B ∧ F models by using the gauge-invariant, but path-dependent variables formalism. In Section III, we extend our analysis for a B ∧ F model with topological mass from gauging spin. Interestingly enough, for this effective model, the static potential profile contains a linear term, leading to the confinement of static charges. Finally, some concluding remarks are made in Sec. IV.
In our conventions the signature of the metric is (+1, −1, −1, −1).
II. BRIEF REVIEW ON B ∧ F MODELS
We start our analysis by reconsidering the calculation of the interaction energy between static point-like sources for B ∧ F models by using the gauge-invariant but pathdependent variables formalism along the lines of [10, 11] .
To do this, we shall compute the expectation value of the energy operator H in the physical state |Φ describing the sources, which we shall denote by H Φ .
Before we proceed to work out explicitly the energy, we shall describe very briefly B ∧ F models. In such a case we consider the Lagrangian density:
At this point, it is advantageous to recall the relevant aspects of the analysis described previously [14] . The first observation is that the Lagrangian density (1) can be brought into the form
Next, in order to eliminate the dual-fieldH σ in favor of the A µ -field, we should not forget thatH µ satisfies the constraint ∂ µH µ = 0. So, we introduce a Lagrange multiplier, χ, to take the constraint into account (this constraint is actually the Bianchi identity associate to H µνκ ). By considering this last constraint, the Lagrangian density (2) becomes
In such a situation, and letting
Then equation (1) can be written in the form
where we have made use of
. Thus, finally we end up with a MaxwelProca theory.
Accordingly, this effective model provides us with a suitable starting point to study the interaction energy. Next, we also notice that before proceeding with the determination of the energy, it is necessary to restore the gauge invariance in (5) . Following an earlier procedure [10, 11] , we may express equation (5) as
where ∆ = ∂ µ ∂ µ . Having established the new effective Lagrangian, we can now compute the interaction energy. To this end, we first consider the Hamiltonian framework of this new effective theory. The canonical momenta are found to be
This yields the usual primary constraint Π 0 = 0, and
Temporal conservation of the primary constraint Π 0 leads to the secondary constraint Γ 1 (x) ≡ ∂ i Π i = 0. It can be easily seen that there are no further constraints in the theory. According to the general theory, we obtain the extended Hamiltonian by adding all the first-class constraints with arbitrary constraints. We thus write
, where c 0 (x) and c 1 (x) are the Lagrange multipliers. Moreover, it follows from this Hamiltonian thatȦ 0 (x) = [A 0 (x), H] = c 0 (x), which is an arbitrary function. Since Π 0 = 0, neither A 0 nor Π 0 are of interest in describing the system and may be discarded from the theory. In fact, the term containing A 0 is redundant, because it can be absorbed by redefining the function c ′ (x). Therefore, the Hamiltonian is now given as
where
Since there is one first-class constraint Γ 1 (x), we choose one gauge condition that makes the full set of constraints to become second-class. A particularly convenient choice is
where λ (0 ≤ λ ≤ 1) is the parameter describing the spacelike straight path z i = ξ i + λ (x − ξ) i , and ξ is a fixed point (reference point). There is no essential loss of generality if we restrict our considerations to ξ i = 0. As a consequence, the only nontrivial Dirac bracket for the canonical variables is given by
We are now in the position to calculate the interaction energy for the model under consideration. For this purpose, we shall compute the expectation value of the energy operator H in the physical state |Φ . In this context, we recall that the physical state |Φ can be written as [17] :
where |0 is the physical vacuum state and the line integral appearing in the above expression is along a spacelike path starting at y′ and ending at y, on a fixed time slice.
Taking the above Hamiltonian structure into account, we see that
Having pointed out this observation, and since the fermions are taken to be infinitely massive (static sources), we can substitute ∆ by −∇ 2 in equation (8). Therefore, the interaction energy takes the form
where H 0 = 0| H |0 . The V 1 term is given by
Following our earlier procedure [10, 11] , we see that the static potential takes the form
where L = |y − y ′ |. An alternative way of stating the previous result is by considering the expression [16] 
where the physical scalar potential is given by
This equation follows from the vector gauge-invariant field expression
where the line integral is along a spacelike path from the point ξ to x, on a fixed slice time. It should again be stressed here that the gauge-invariant variables (17) commute with the sole first constraint (Gauss' law), showing in this way that these fields are physical variables. We also recall that Gauss' law for the present model reads
where, J 0 , is the external source. It should be further recalled that, E = ∇ 2 ∇ 2 −µ 2 Π, and for, J 0 (x) = qδ (3) (x), we can express (17) as
With the aid of equations (16) and (20) , we readily find that the interaction energy for a pair of static pointlike opposite charges located at 0 and L is given by
after subtracting a self-energy term.
III. B ∧ F MODEL WITH TOPOLOGICAL MASS FROM GAUGING SPIN
As already stated, our next undertaking is to use the ideas of the previous Section in order to consider B ∧ F model with topological mass with the gauging of spin. For this purpose, the authors of Ref. [15] consider the four-dimensional space-time Lagrangian density:
The crucial idea underlying this suggestion consists in proposing the interaction Lagrangian in the form:
Given its relevance, it is of interest to study the effect of the above scenario on a physical observable. We also note here that integrating out the fermionic field in (21) induces an effective model for the A µ -and B µν -fields. Hence, one gets the following effective Lagrangian density
where χ is the Lagrange multiplier to take into account the Bianchi identity. Whereas Here, we have made use of the same notation as in Ref. [15] .
Before we proceed further, we shall pause to mention that the non-local F µ 1 ∆ F µ -term, which arises from the coupling between the fermionic spin current and the rank -2 field, B µν ,
may actually be seen as corresponding to a non-minimal coupling between the fermion and the dual of the fieldstrength H µνκ . We could, from the very beginning, had started off with the non-minimal coupling accommodated in the U (1)-electromagnetic covariant derivative
with g dimensionless. This however would not generate the F µ F µ -term in its non-local form F µ 1 ∆ F µ , which is crucial for the confining behavior of the potential, as we shall see more explicitly below. We then agree with the choice of the non-local formulation, as the authors of Ref. [15] propose.
Next, in the same way as was done in the previous section, after integrating out the B µν field in favor of the A µ field, the effective Lagrangian density reduces to
where γ =
As in our preceding discussion, we now restore the gauge symmetry in equation (24). This allows us to write the Lagrangian density as
Following the same steps that lead to (15), the static potential for two opposite charges located at y and y
and Γ is an ultraviolet cutoff. It is of interest also to notice that Lagrangians (24) and (27) are effective descriptions with cutoff Λ. So, our results are valid up to the energy scale Λ. Now, the potential (29) must also be restricted to the same cutoff (Λ); therefore, it is sensible to identify the cutoff Γ, which appears in the derivation of the potential, with the cutoff Λ (Λ, Γ ≫ m). Thus, we finally obtain that the static potential is given by
The above static potential profile displays the conventional screening part, encoded in the Yukawa potential, and the linear confining potential. Accordingly, one of the most startling predictions of the interaction Lagrangian (23) is the existence of a confining potential. Incidentally, it is of interest to notice that in the limit m → 0 the confinement disappears, which clearly shows the key role played by the fermions. It may be noted here that the confining potential of this model has been reported before [18] . However, in spite of their relevance, this result was obtained in a gauge-fixed scheme, and we think that this result should be corroborated by a gauge independent analysis. Interestingly enough, the above static potential profile is analogous to that encountered in a theory of antisymmetric tensor fields that results from the condensation of topological defects as a consequence of the Julia-Toulouse mechanism [10, 11] . It is worth recalling here that the Julia-Toulouse mechanism is a condensation process dual to the Higgs mechanism proposed in [13] , which describes phenomenologically the electromagnetic behavior of antisymmetric tensors in the presence of magnetic-branes (topological defects) that eventually condensate due to thermal and quantum fluctuations. Exploiting the previous phenomenology, we have studied in [10, 11] the dynamics of the extended charges (p-branes) inside the new vacuum provided by the condensate. More specifically, in [10] we have considered the topological defects coupled both longitudinally and transversally to two different tensor potentials, A p and B q , such that p+ q + 2 = D, where
To be more precise, after the condensation the phenomenological Lagrangian density [10] is given by
which reveals a B∧F type of coupling between the B q potential with the tensor Λ p+1 carrying the degrees of freedom of the condensate. In fact, following the procedure described in [10] , we can further obtain the effective theory that results from integrating out the fields representing the vacuum condensate in the manner
(32) From equation (32) it now follows that for, p = 1 and q = 1, the effective theory can be brought to the form
It is a simple matter to verify that equation (32) reduces to equation (28) . With this then, we now see that the model studied here (28) may be considered as some kind of effective theory that incorporates automatically the contribution of the condensate of topological defects to the vacuum of the model.
It follows from the above discussion a new connection among different effective theories, which are of interest from the point of view of providing unifications among diverse models as well as exploiting their equivalence in explicit calculations, as we have illustrated in this work.
IV. FINAL REMARKS
In summary, we have considered aspects of screening and confinement for a B ∧F model with topological mass from gauging spin. It was shown that the static potential profile is the sum of a Yukawa and a linear potential, leading to the confinement of static external charges. To do this, once again we have exploited a key aspect for understanding the physical contents of gauge theories, that is, the correct identification of field degrees of freedom with observable quantities. We point out that our analysis reveals that similar results are obtained in a theory of antisymmetric tensor fields that results from the condensation of topological defects as a consequence of the Julia-Toulouse mechanism. Finally, it should be emphasized that an interesting feature of the present approach is to provide connections among different models. As we have already noticed, these connections show us a new sort of "duality" among diverse models and allow us to use this equivalence in concrete calculations, as we have illustrated in the present work.
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